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Abstract

The positive cones of the left orders on a free group can be described by their finite subsets. An
algorithm is given for recognizing when a finite subset of a free group lies in a positive cone. This is
used to show how one can construct a sequencenité Subsets of a positive cone whose union is
the positive cone. Moreover, the method gives an overview of the positive cones of a free group. It is
still an open problem whether there are positive cones which can be generated as a subsemigroup by
a finite subset.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Every total order on a finitely generated free abelian group is characterized by the
lexicographic product of a finite list of partial orders determined simply by real linear
forms as shown iRobbiano(1985. In contrast, relatively little is known about total orders
on nonabelian free groups. Some special troicsions are known, including an order
determined by orders on the abelian factors of the lower central series, an order on a free
product that extends orders of the free factors, bothawell (1992, and several distinct
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orders extending a lexicographic order on the corresponding free moriR@vesz1989.
An extensive bibliography on ordered algebraic structures, including ordered groups, can
be found inFuchs(1963.

The paper is self-contained, making use of little more than the definition of an
ordered group and elementary properties of free groups. The main r8sgtiqn 3 is
a computable condition that determines when a subset of a free group can be extended
to a positive cone. This is precedeSletion 2 by some esults on generating sets for
subsemigroups of free groups; in particular a special generating set is introduced, called
a strong basis, which is similar to a Nielsen basis for subgroups of free grobjisigen
1955 or seeLyndon and Schupd.977).

Throughout this papef is a free nonabelian group (with identity elemeit freely
generated by a set of variables and their inverses, which may be infinite unless otherwise
specified. The length of an elemegtof G is denoted agg|. Givena aubsetS C G, the
subsemigroup that it generates is denoted3s A total order relation< on G is aleft-
order if for all a, b, c € G, a < b = ca < cb. Recall that theositive cone of a left-order
isP ={a e€ G|e < a} and it satisfies (i) gemigroup) PP < P, (ii) (antisymmetry)

PN P! = ¢, oreuivalaitly, e ¢ P, and (iii) (trichotomy) P U P71 U {e} = G; and
conversely, ifP satisfies (i)—(iii), then it is the positive cone of a left-order defined by
a < b < alb e P. WhenG has rank 2 or more, it is an open question whether there
exids a left-order orG whose positive cone is finitely generated as a subsemigroup.

2. Semigroups

A subsetS C G is called astrong basis (for the subsemigrougsS)) if whenever
a,b € Sand|ab|] < max|al, |b|) thenab € S. Given a fhite setS, a stong basis for
(S) can be constructed by extendiSgo includeab whenevem, b are found that violate
the definition, and this is a finite computation. The following is a simple condition that
guarantees a set to be a strong basis.

Lemmal. Let Sc G, withm = maxcs |X|. Ifse (S)and |s| < m = s € Sthen Sisa
strong basis.

Compare the definition of a strong basis with the definition of a Nielsen basis where
S = BU B! and B are generators of a subgroup. The length of a product satisfies
the equationab| = |a| + |b] — 2|c| wherec is the portion ofa andb that cancels. If
|ab] < max(|al, |b]) then|c| > min(|al, |b])/2; that is, the portion that cancels is more
than half ofone of the two factors. IB is a Nielsen basis, this cannot occur by definition. It
is always possible to transform a generatinggat a Nielsen basis by carefully adding and
removing elements, and the advantage in doing so is that the resulting generators are free.
But because these transformations involve inverses, they are not available in a semigroup.
Still, by requiring that whenever half of agduct cancels then the product itself can be
found in S, any eement of(S) can be expressed as a product fr&wmwhere successive
products do not cancel more than half, and this is essentially what is proved in the next
theorem.
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Theorem 2. Suppose S C Gisastrongbasis,andg € (S) isrepresentedbyg = hy - - - hy,
where h; € Sand n isassmall as possible. Then the successive (rightmost) products have
non-decreasing length, that is

INit1---hn| < |hihjy1---hpl
fori=1,...,n—1.

Proof. SinceS is a strong basis, it nafl be thecase thathjhj 1] > max(|hi|, |hj+1]);
otherwise it would be possible to replace the pair with a single eleme8tanfd obtain
a smdler n. Let the educed word representations tgrandh; 1 bewritten h; = x;b;
and hj;1 = bi_lyi+1 so thathihjy1 = Xjyi+1 without cancellation in the product
and [hjhjy1] = |Xi| + |Yi+1|. Theinequalities|hjhj+1] > max(|h;|, |hi+1]) imply that
Ibil < lyi+1l andlbi| < |xi|. So in fact it is possible to write eadty = bijllaj b; without
cancellationlggp = €), and|b;| < |bj_1] + |a;|. It follows thath; 1 ---hy, = bflaprl...an
without cancellation, and @11 ---hn| = |bi| + |@i+1] + -+ + |an] < |bji—1] + |&| +
[@i4+1] + -+ lan| = |hj---hp|. O

This theorem can be used to solve the membership problem for subsemigroups as a
recursive search algorithm. Explicitly,&is a finite strong basis, then to determine whether
g € (9 it is enough to consider each bf g for h € S wheneverlh—1g| < |g|. If
h—lg = etheng € (S). Otherwise, thesearch continues a finite number of times until
success occurs, or until the length cannot be shortenedel{S), thenTheorem dmplies
that the search termates successfully anglis the product of thehy, ..., h, recovered
from the recursion.

If Sis a strongoass, then byTheorem 2f e € (S) it can be expressed as a product of
elements ofS with successive products having non-decreasing length. Since there is only
oneelement with length 0, the identity itself must beSnHerce:

Corollary 3. The subsemigroup generated by a strong basis excluding e is antisymmetric.

3. Positive cones

In this section,G is a finitely generated free group with rank 2 or more. An arbitrary
element is theunique reduced product of the generators and their inverses, and the length
of g is computable. We require an enumeratigr= €, g1, gz, . . . of the dements ofG that
is non-decreasing in lengtig | < |gi+1/) and that puts elements adjacent to their inverses
(giy1 = gfl for oddi). This can always be done algorithmically, since the number of
elements of a given length is finite angl = |g~1|. Givenan enumeration, the notation
Gn = {0o, - - -, gn} Will be used.

Theorem 4. Let N > Obeevenand S ¢ Gy suchthat for all 0 < i < N either g; € Sor
gi‘1 € S. Then S can be extended to a positive coneif and only if Sis a strong basis and
e¢sS.

Proof. SupposeS sdisfies the hypothesis an® is a positive one containingS. Then if
h e P and|h| < |gn|, thenh = g; for somei < N. By hypothesis, eithemorh—tisin S.
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Buth~! ¢ P; therdoreh € Sand soS satisfies theonditions ofLemma 1 Consequently,
Sis a stong basis, and ¢ Ssincee ¢ P.

The converse will be proved by constructing a positive cone contaf@imgiuctively.
This is done by showing that there exists@rcontainingS saisfying the hypothesis of the
theorem forN + 2, which is a strong basis not containiaglhese extesions can continue
indefinitely, and their urn will be a positive cone.

Since S saisfies the hypothesis and is a strong basis excluding follows that if
g € (S fori < N, theng; € S, thatis,infactS = Gy N (S). Since, byCorollary 3,

e ¢ (S), only three cases are possible (ngfg, 2 = gﬁil): (1) gnt1 € (S and
on+2 € (S), () gntr ¢ (S) andgny2 € (S), and (3)gn+1 ¢ (S) andgn+z ¢ (S).
In case (1), le§, = SU {gn+1}- Then(S) = () and it follows thatS = G2 N (S).
By Lemma 1 S is a strongbask. Incase (2)S = SU {gn+2} is a strong basis by similar
reasoning as case (1).

In case (3), itwill be shown th& = SU{gn+1} saisfies the hypotheses of the theorem,
and is a strong basis excludiegThe hypothesis of the theorem is satisfied since it is clear
thatforallO<i < N+ 2, dtherg; € S or gi_1 € S. Reasoning by way of contradiction,
suppose tha§ is not a stong basis, that is, there exatb € S with |ab] < max(|a], |b|)
butab ¢ S . Note hat sincgab| < |gn+1/, abis one of theg; withi < N, and theefore
(ab)~! € S. SinceSis a strongbass, a andb cannot both belong t&. Therdore, either
a = gny1 Orb = gnyq or both. Ifa = gny1 andb € S, thengn2 = b(ab) L e (S)isa
contradiction. Or, ibb = gn+1 anda € S, thengn 2 = (ab)~la € (S) is a @ntradiction.
Finally, if a = b = gn+1, thenjab| = |a2| < |a| is a ontradiction for alla # e in afree
group. It follows thatS; is a strongbasis. Since an enumeration could exchagpge; and
On+2, this proof implies thatS = SU {gn+2} is also a strong basis, and so an arbitrary
choice is possible in this case.

Continue to extend in this way to obta®ic S ¢ $ C ---. TheunionP of (§)isa
subsemigroup ofs containingS. By construction and byCorollary 3, e ¢ (S); therdore
e ¢ P. Furthermoe, for allk > 0, and alli > (k — N)/2, g@thergx € § or gk*1 € S.
ThereforeP U P~1 U {€} = G. ThusP is a positive one containindg. [

The proof suggests an infinite procedure for constructing a positive co@efoom a
saquence of set§ C Gy by using the algorithm ofection 2to testgyi 11 € (S) and
i+2 € (S), andby definingS1 as in the proof to includegy;+1 or goi+2, making a
choice when required. For a givéh all the elements o6y in the cone a produced in
finitely many steps. The number of required choices is probably unbounddd-asco,
which is equivalent to sang that positive cones are never finitely generated, but this has
not been proven.

4. Examples

In these mamplesG is afree group of rank 2 with free generatorandy.

Example 1: A strong basis f® = {y, x, yx~1, y~1x, yx~1y~1}. Examne all pairs
(a,b) € S x Sand confirm thatab| < max(|al, |b]) = ab € S; therdore Sis a strong
bass.
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Table 1

An enumeration of the feegroup generated by andy up to length 3, with a positive cone underlined. TheSet
consists of the underlined elements um; doubly underlined elements were chosen randosfbndy stand
for x~1 andy—1 respectively, to improve readability

10 oy oy ox % woW oy Xy
(11-20)  xy Y% xRy Yy W WX Y
(1-30) % o Yy yx R vy Yy 9

(31-40) KX XXy Xyy yyX XyX XyX XyX XyX XXy YXX
(41-50) XXX XXX XyX XyX Xyy YyX XyX XyX XXy YXX
(51-52)  yxy YRy T

Example 2: Membership i§S). To testg € (S), search for length reductions, that is
h e Swith |h~1g| < |g|. Forg = xy~x the only reduction ish = x with product
y~1x € S, soxy 1x € (S). Forg = xlyy there areo reductions, sa~1yy ¢ (S).

Example 3. A strong basis f@ = SU {x~yy}. As in Examfe 1, searct8 x S and
find (x, x~1yy) violating the definition. Include the product 8 = S U {yy} and verify
that it is a strong basis.

Example 4. An enumeration @& satisfying the rquirements ofrheorem 4Make alist
of the dements ofG for each length of interest. Sort each list in descending lexicographic
order determined by >jex X >jex X~ >ex Y~ 1. Findly, move list entries up to follow
their inverses appearing earlier in the list. The resulting enumeration up to length 3 is
shown inTable 1

Example 5. The positive cone up to length 3 of some ordeGoReferring to the list
in Table 1, each step compute$, 1 from S, by underlining the elementgi ;1 or gzi+2)
that is included to yield§ ;1. Stating withi = 0 and(S) = ¢, the ebmentg; is chosen
arbitrarily and underliad. At each later step if either goj 11 or goi42 are in§ (and at
most one can be) then underline it; otherwise make an arbitrary choice and underline it.

Since§ = (S) N Gy, g € {O2i+1, Q2i+2} is in (§) if and only if there exists an
h € § suchthat|h—1g| < |g| andh—1g € S. For instame, testinggy7 = yxy ! at step
i =13, thereducindg € Sz arey, yx, yxy andyxx, and the corresponding reductions are
xy~1, y=1, y=ly=landx~1y~1. Since none of these reductions areSin, yxy—* ¢ (S1).
Similarly gog = yx~1y~=1 ¢ (S13). In this casegpg was chosen at random and underlined
to complete the step.
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